arXiv:hep-ph/0503182vl 18 Mar 2005 


IMPACT PARAMETER PROFILE OF SYNCHROTRON RADIATION 


Xavier ARTRU 

Institut de Physique Nucleaire de Lyon, 

Universite Claude-Bernard & IN2P3-CNRS, 

69622 Villeurbanne, France. Email: x.artru@ipnl.in2p3.fr 

Abstract 

The horizontal impact parameter profile of synchrotron radiation, 
for fixed vertical angle of the photon, is calculated. This profile is ob¬ 
served through an astigmatic optical system, horizontally focused on 
the electron trajectory and vertically focused at infinity. It is the prod¬ 
uct of the usual angular distribution of synchrotron radiation, which 
depends on the vertical angle ■ 0 ) and the profile function of a caustic 
staying at distance bd = ( 7 ”^ + 'ijP‘)R/2 from the orbit circle, R being 
the bending radius and 7 the Lorentz factor. The classical impact 
parameter bd is connected to the Schott term of radiation damping 
theory. The caustic profile function is an Airy function squared. Its 
fast oscillations allow a precise determination of the horizontal beam 
width. 
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1 Theoretical starting point 

Classically nia, a photon from synchrotron radiation is emitted not exactly 
from the electron orbit but at some distance or impact parameter 

R 

hd = Rphot - R = -- - R ~ --- R, (1) 

V cos Ip 2 

from the cylinder which contains the orbit. R is the orbit radius, 0 is the 
angle of the photon with the orbit plane and 7 = e/mg = (1 — <C 1 is 

the electron Lorentz factor. In this paper we will assume that the orbit plane 
is horizontal. Eq.(l) is obtained considering the photon as a classical pointlike 
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particle moving along a definite light ray and comparing two expressions of 
the photon vertical angular momentum, 


Jz ^phot COS Ip , 

(2) 

Jz = hu) R/v. 

(3) 


The hrst expression is the classical one for a particle of horizontal momentum 
kh = cocos'll! and impact parameter Rphot with respect to the orbit axis. The 
second expression comes from the invariance of the system {electron + held} 
under the product of a time translation of At times an azimuthal rotation of 
Aip = V At/R. 



Figure 1: Impact parameter b of the photon and side-slipping 5r of the 
electron. 

The impact parameter of the photon is connected, via angular momen¬ 
tum conservation, to a lateral displacement, or side-slippmg, of the electron 
toward the center of curvature DU The amplitude of this displacement is 

l<^r| = ^ci, (4) 

e — noo 

so that the center-of-mass G of the (photon -|- hnal electron} system con¬ 
tinues the initial electron trajectory for some time, as pictured in Fig.l. 
Whereas bd is a classical quantity and can be large enough to be observed, 
5r contains a factor h and is very small: |(5r| ~ (co/cOc) Ac, where Ac is the 
Compton wavelength and cOc = 'J^/R the cutoff frequency. Therefore the 
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side-slipping of the electron is practically impossible to detect directly (in 
channeling radiation at high energy, it contributes to the fast decrease of the 
transverse energy j^). However, in the classical limit h —> 0, the number of 
emitted photons grows up like and many small side-slips sum up to a 
continuous lateral drift velocity 6v of the electron relative to the direction of 
the momentum: 




dt'^ ’ 


(5) 


Te = e^/(47rme) being the classical electron radius^. The distinction between 
V and p/e is illustrated in Fig.2. Eq. also results from a suitable dehnition 
of the electromagnetic part of the particle momentum mu The problematic 
Schott term {2/3)re{d^X^/dr^) of radiation damping can be interpreted |3] as 
the derivative of the drift velocity with respect to the proper time r. Thus the 
measurement of the photon impact parameter would constitute an indirect 
test of the side-slipping phenomenon and support a physical interpretation 
of the Schott term. 



Figure 2: Semi-classical picture of multiple photon emissions. The dashed 
line represents the classical trajectory. The momentum p is tangent to the 
semi-quantal trajectory and not equal to ymv. The classical velocity v is 
tangent to the dashed line. 


^we use rational electromagnetic equations, e.g. div E = p instead of 47rp. 
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2 Impact parameter profile in wave optics 

Using a sufficiently narrow electron beam, the photon impact parameter and 
its dependence on the vertical angle 'ip may be observed through an optical 
system such as in Fig.3. This system should be astigmatic, i.e. 

• horizontally focused on the transverse plane P, to see at which hori¬ 
zontal distance from the beam the radiation seems to originate. 

• vertically focused at inhnity, to select a precise value of ip. 



Figure 3: Optical sytem for observing the horizontal impact parameter prohle 
of synchrotron radiation at hxed vertical photon angle. 

The horizontal projections of light rays emitted at three different times cor¬ 
responding to electron positions Si, S, S 2 are drawn in Fig.4. From what was 
said before, they are not tangent to the electron beam but to the dashed 
circle of radius R -|- at, points Ti,T, T 2 . Primed points are the images of 
unprimed ones by the lens. Si and S 2 were taken symmetrical about the 
object plane P, such that the corresponding light rays come to the same 
point M' of the image plane P'. When Si and S 2 are running on the orbit, 
M' draws a classical image spot on plane P' in the region x' > b'^i, where 
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^cl ~ GK, and G is the magnification factor of the optics, which from now 
on we will be taken equal to unity. One can also say that the light rays do 
not converge to a point but form the caustic passing across T'. Classically, 
the intensity prohle in the plane P' behaves like {x' — Note that if 

synchrotron radiation was isotropic, emitted at zero impact parameter, and 
if the optical system had a narrow diaphragm (for the purpose of increasing 
the depth-of-£eld), the spot would be located at negative instead of positive 



Figure 4: Light rays of synchrotron radiation forming the image of the hor¬ 
izontal impact parameter prohle. The prohle intensity is schematically rep¬ 
resented on the right side. ”CFC” is a zero-angle dispersor. 

Up to now we treated synchrotron radiation using geometrical optics. 
However this radiation is strongly self-collimated and the resulting self-dihraction 
ehects must be treated in wave optics. For theoretical calculations, instead 
of the image spot in plane P', it is simpler to consider its reciprocal im¬ 
age in plane P, which we call the object spot. One must be aware that the 
latter is virtual, i.e. it does not represent the actual held intensity in the 
neighbourhood of S. Its intensity is where 

Erad Efet Ea^j^ (6) 
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is the so-called radiation field and obeys the source-free Maxwell equations. 
The distinction between the actual (retarded) field and E^ad is illustrated in 
Fig.5. 



retarded 


advanced 


radiation 




Figure 5: Schematic representation of the relation beween the retarded, ad¬ 
vanced and radiation helds 

Using this point of view, one can say that the vertical cylinder of radius 
Rphot = R + bci is the caustic cylinder of E^ad (there is one such cylinder for 
each fi). Thus the object spot amplitude can be taken from the known for¬ 
mula jH] of the transverse prohle of a wave near a caustic. At hxed frequency 
uj and vertical angle it gives 

Erad{u},x,'fi) oc Ai ^ ( 7 ) 

where Ai(,^) is the Airy function [5], 6o = R^^^^ characterizes the width of 
the brillant region of the caustic and A = A/(27r) = The Airy function 
has an oscillating tail at positive x — bc\ and is exponentially damped at 
negative x—bc\- Fig .6 displays the intensity prohle in relative units, as 

a function of the dimensionless variable x^ = (x — 6 ci)/^o- The oscillations can 
be understood semi-classically as an interference between light rays coming 
from symmetrical points like Ti and T 2 in Fig.4. As said earlier these light 
rays come to the same point M' of the image plane, therefore should interfere 
at this point. The phase difference between the two waves is 

2,5 = LO (^2 — ti) — kh {TiM -|- MT 2 ), (8) 
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Figure 6: Intensity of the horizontal impact parameter profile at fixed vertical 
angle 'ijj. The abscissa is Xr = {x — bci)/bo^ the ordinate is the value of in 
Eq.(17). 


where ti ^2 is the time when the electron is at Si^ 2 - Denoting the azimuths of 
Si and S 2 by —ip and +ip, we obtain 


5 = [iaxiip — (p) ujR/V ~ uRcp^/S ~ 


1 bc\ 

3 i bo 


3/2 


(9) 


This is in agreement, up to the residual phase 7r/4, with the the large x 
behaviour in sin(5 + 7r/4) of Eq. lffj) . 

The result dZD can also be obtained by recalling that the photon has a 
dehnite angular momentum = Tiuj R/v about the orbit axis. For hxed 
vertical momentum hk^ = hu'ijj, we have the following radial wave equation, 
using cylindrical coordinates {p,ip,z): 


dfp 


+ P 


-1 


d 


72 
dp 


E = 0, 


( 10 ) 


We have neglected the photon spin and approximated the centrifugal term 
L\/p^ by JHp^. In the vicinity of the classical turning point p = R + 6ci, 
we can use a linear approximation of the centrifugal potential and neglect 
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the term p ^d/dp. This lead us to the Airy differential equation with the 
argument of ( 0 ). 

The profile function can also be calculated in a standard way. The electric 
radiation field E^ad can be expanded in plane waves as 

r) = y » {E(k) , (11) 

with u = |k|. The momentum-space amplitude^ is given by 

/ OO 

dte v_L(te) exp [iujte - , (12) 

-OO 

where is the velocity component orthogonal to k. The electron trajectory 
is parametrized as 


re(te) = {Rcos(p — R , Rsimp ,0) , p = vte/R (13) 

The energy carried by Erad through a strip [x ,x + dx] of plane P, in the 
frequency range [uj,uj + duj] and in the vertical momentum range [k^ , kz + dk^] 

is 

dW = 2dx \E{uj,x,ip)\‘^ , (14) 

where E(a;,a:,'^) is the partial Fourier transform 


dk 


E(u;,a;,^) = y ^ " E(k) 

evaluated ai ky uj and kz ~ a; The result of Eqs. (ini-iiii) is 


(16) 


dW 


d{h(j) dx dkz Stt^ 


Q) ^2 / bcl X 


+ (1) 


(16) 


= i_ dd - A 

27r \ &o / d{hoo) {dVt/OQ) ’ 

where a = /{Anfi) = 1/137, 

u = {1 + 7V^)/2 = bci/bo , s = {uj/uJcY^^ , ujc = J^/R , 

^From now on we omit the subscript ”rad” of E. 


(17) 


(18) 












( 19 ) 


b„ = 2 ''“ = s-yX , eo = {X = ( 57 )-' 

and A{u) is a re-scaled Airy function: 

A{u) = 2‘^/^7r Ai (2^/3^) . ( 20 ) 

Expression (HZD relates the {x, ip) profile to the standard the angular distribu¬ 
tion. The two terms of the square braket of (USD correspond to the horizontal 
and vertical polarizations respectively. 
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Figure 7: {x,ijj) profile of synchrotron radiation (Eqs.16-17), in the limit 
= uj/ujc -C 1. The level curve corresponds to the fraction (i/10)^ of the 
maximal intensity. 


An example of the {x,ip) profile is shown in Fig.7. We recall that it is 
obtained using an astigmatic lens. Therefore it differs from the standard 
(x, z) prohle HIEIEI formed by a stigmatic lens. The number of photons per 
electron and per unit of In A in the first bright fringe is, in the s -C 1 limit. 


dNpiiQi ^ 1 

dX/X ~ 70■ 

The second fringe contains 3 times less photons. 


( 21 ) 
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3 Applications 

Although the impact parameter cannot be sharply defined in wave optics, 
Ec|. fjl6p keeps a trace of the classical prediction O: as 7 or is varied, the 
x-profile translates itself as a whole, comoving with the classical point x = 
hc\. The observation of this featnre wonld constitnte an indirect test of the 
phenomenon of electron side-slipping. The dependence of this translation 
is responsible for the cnrvatnre of the fringes. The 7 “^ dependence may be 
more difficnlt to observe: bd shonld be as large as possible compared to the 
horizontal width of the electron beam, one one hand, and to the FWHM 
width of the hrst fringe, ~ 1.3 Bq, on the other hand. Since the prohle 
intensity (USD decreases very fast at large u = bd/bo, a sensitive detector is 
needed. 

The following table snmmarizes the various length scales which appear in 
synchrotron radiation. 


bending 

radius 

R 




longitudinal 

distances 

1-1 = R 7“' 

lo = i?2/3 A V3 


k = 7^^ 

transverse 

distances 

6 2 = R 7“' 


bo = A 2/3 

bi = 7 A 

wavelengths 

Xc = R 7“^ 



A 


The four quantities of a given row or line are in geometric progression of ratio 
7 “^ or respectively. Going along (or parallel to) the diagonal, the ratio 
is do = The subscripts of the different Vs and 6 ’s are the powers of 7 . 

Synchrotron radiation is not emitted instantaneously, but while the elec¬ 
tron runs within a distance If, called formation length, from point Si. Thus 
is a minimum length of the bending magnet. A conservative estimate of 
If may be 

//= Max{2/_i,3/o}. (22) 

In addition, the fringe of the {x, fj) prohle comes from points Si and S2 
at distance 

= (3m7r)^/3/o (23) 

from point S. To observe it, the magnet half-length should therefore be 
larger than Imin = ^/ + The distance between the object plane and the 
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lens should be larger than this Imin-, plus a few /_i so that the lens can accept 
the ray comming from T 2 but not intercept the near held. 

Some numerical examples are given in the following Table. 


7 

200 

200 

6000 

1000 

R 

0.8 m 

80 m 

4000 m 

3 m 

1-1 = R 7"' 

4 mm 

0.4 m 

0.67 m 

3 mm 

b-2 = R 7 “^ 

20 fim 

2 mm 

0.11 mm 

3 fim 

Ac = 7 ? 7"'' 

0.1 fim 

10 fim 

19 nm 

3 nm 

A 




3 fim 
(infrared) 


1 

4.6 

0.57 

0.1 

0o = s ^7 ^ 

5 mrad 

1.1 mrad 

0.29 mrad 

10 mrad 

lo = s ^ /_1 

4 mm 

86 mm 

1.2 m 

30 mm 

bo = s-‘^ b_2 

20 jam 

93 fim 

0.34 mm 

0.3 mm 


A practical application of the fringe pattern of Fig.7 is the measurement 
of an horizontal beam width. Since the successive fringes are more and more 
dense, they can probe more and more smaller widthes. For a gaussian beam 
of r.m.s. width ax-, the contrast between the minimum and the m + 
maximum is 


am = exp 




(24) 


The vertical beam size and the horizontal angular divergence have practically 
no blurring effect on the observed prohle. This is not the case for the vertical 
beam divergence. However, as long as this divergence is small in units of do, 
the blurring is small. 

The X scale parameter ho grows with A. Therefore a too large passing 
band of the detector will blur the fringes. For instance the contrast of the 
^th jg attenuated by a factor 2/ti when the relative passing band is 

A A/A = l/(2m). It is possible to restore a good contrast for a few successive 
fringes by inserting a dispersive prism (”CFC” in Fig.4) at some distance 
before the image plane, such that the A-dependent deviation by the prism 
compensates the drift of the fringe. This allows to increase the passing 
band, hence the collected light, without loosing resolution. 
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4 Conclusion 


The analysis of synchrotron radiation simnltaneonsly in horizontal impact 
parameter x and vertical angle ifj, which, to onr knowledge, has not yet been 
done, can open the way to a new method of beam diagnostics. Only simple 
optics elements are needed. There is no degradation of the beam emittence 
(contrary to Optical Transition Radiation) and no space charge effect at 
high beam cnrrent (snch effects may occnr with Diffraction Radiation). In 
addition, the observation of the cnrved shape of the fringes and the precise 
measnrement of their distances to the beam wonld give an indirect snpport 
to the phenomenon of electron side-slipping and to a physical interpretation 
of the Schott term of radiation damping. 
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